This article characterizes optimal dynamic consumption and portfolio decisions in the presence of capital gains taxes and short-sale restrictions. The optimal decisions are a function of the investor's age, initial portfolio holdings, and tax basis. Our results capture the trade-off between the diversification benefits and tax costs of trading over an investor's lifetime. The incentive to rediversify the portfolio is inversely related to the size of the embedded gain and investor's age. Contrary to standard financial advice, the optimal equity holding increases well into an investor's lifetime in our model due to the forgiveness of capital gains taxes at death.
but this can conflict with their desire to delay the taxation of capital gains. The purpose of this article is to investigate the effect of taxation on the intertemporal consumption, investment, and realization decisions of investors.
In his seminal article, Constantinides (1983) examines the effect of capital gains taxes on investors' optimal intertemporal consumption and investment decisions and on equilibrium asset prices. Assuming that securities can be sold short with full use of the short-sale proceeds, and that the wash-sale rule 1 can be easily circumvented, he shows that the optimal investment and liquidation decisions are separable from the consumption decision. In particular, with symmetric taxation of long-term and short-term capital gains and losses, Constantinides (1983) shows that it is optimal to realize losses and defer gains, independent of the investor's consumption needs or optimal portfolio holdings.
While these results are appealing from a theoretical perspective, they seem to be inconsistent with the observed realization behavior of investors. Poterba (1987) , using U.S. tax return data, and Odean (1998) , using brokerage account data, document that investors realize substantial capital gains. If investors are able to sell short at relatively low cost, then this behavior would indeed be puzzling. However, in practice the cost of selling short for an individual investor can be quite high. For example, it is common practice for brokerage firms to not only retain the proceeds from the short sale, but to also require the investor to post additional collateral beyond the short-sale proceeds. In addition, the ability of investors to circumvent the payment of the capital gains tax by shorting a security instead of selling it outright has been severely limited by the 1997 U.S. tax legislation. Under current tax law, investors are not able to indefinitely defer the realization of a capital gain on an asset by simply holding offsetting long and short positions.
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Absent the ability to sell short without triggering a capital gains tax liability on an offsetting long position, or obtaining use of the short-sale proceeds, investors' consumption, investment, and liquidation decisions are not separable. Investors with diversification motives and/or consumption needs beyond that provided by dividends, interest, and labor income may optimally sell assets with embedded capital gains. In this article we examine the optimal consumption, investment, and liquidation decisions over an investor's lifetime in the presence of capital gains taxes and short-sale restrictions. In general, the optimal policy will depend upon the investor's current wealth, age, portfolio holdings, and the prices at which the securities in the portfolio were acquired (i.e., the tax bases). Since assets may be acquired at different prices over time, the dimensionality of the problem grows rapidly with the number of assets and time periods. To keep the problem manageable, simplifying assumptions are needed.
We simplify the economic environment by assuming that there are only two assets: a risky stock whose price follows a binomial process and a riskless one-period bond paying a constant interest rate. We further assume that the investor's tax basis in the stock is calculated as the weighted average purchase price.
3 Although the tax-timing option is more valuable if the investor identifies each purchase with its own tax basis, the assumption that the investor uses the weighted average purchase price as the tax basis for all shares keeps the dimensionality of the state space constant over time. 4 However, even with these simplifying assumptions, we are unable to obtain an analytical solution and therefore use numerical techniques for much of our analysis.
The optimal consumption-wealth ratio is increasing and convex in the investor's tax basis. This is because the value of the investor's tax-timing option is also increasing and convex in the investor's tax basis. For elderly investors, the consumption decision is driven primarily by the investor's bequest motive and the desire to defer the realization of capital gains to benefit from the reset provision at death. The reset provision of the U.S. tax code forgives the tax on any embedded capital gains or losses at the time of death and requires the tax bases of the inherited assets to be reset to the prevailing market prices. For young investors, the bequest motive and reset provision at death are relatively less important because of their lower mortality rates.
The introduction of taxes causes investors to shift their portfolios toward equity because of the favorable tax treatment afforded capital gains relative to interest income. While interest income is fully taxable when received, capital gains (and losses) are taxed only when the investor sells the asset, and escape taxation altogether at the time of death. When an investor has an embedded capital loss, he optimally realizes the loss before rebalancing his portfolio to his unconstrained optimum. The unconstrained optimal holding of equity is age dependent and reaches its maximum at a rather late age. This is the age at which the combined benefits of the tax-timing option and the reset provision at death are highest and equity is most valuable to the investor. To maintain an optimally diversified portfolio, investors may also sell stock with embedded capital gains. The size of the gain that investors are willing to realize is increasing in the degree to which the investor is overweighted in equity and decreasing in age. We find that for young investors who are substantially overweighted in equity the sale of stock with an embedded capital gain in excess of 100% can be optimal. A welfare analysis shows that the optimal age-dependent realization policy derived in this article provides substantial benefits for investors relative to some common alternatives.
A comparative statics analysis shows that the investor's bequest motive has an important effect on the optimal consumption and portfolio allocation decisions. As the utility derived from the bequest declines, the investor's optimal consumption-wealth ratio increases, especially for elderly investors who have the highest mortality rates. Because the tax on capital gains is forgiven at death, elderly investors retain their equity holdings and finance their higher consumption levels by selling bonds and borrowing. As a consequence, the optimal equity proportion increases dramatically at late ages. A simulation analysis of the investor's optimal consumption and portfolio allocation choices illustrates many of these important features.
A variety of alternative model specifications are also examined. When capital gains and losses are taxed at death (mandatory realization), as in the Canadian tax code, the optimal holding of equity declines for all investors. The decline is more pronounced for elderly investors, who have the highest mortality rates and benefit the most from the reset provision at death. In fact, under the mandatory capital gains realization at death, the optimal equity proportions are nearly identical across all ages. We also find that with asymmetric long-term and short-term tax rates, the optimal holding of equity increases substantially for the young and only slightly for the elderly. A lower long-term capital gains tax rate is more valuable to young investors because it reduces the tax cost of rebalancing their portfolios and allows them to exploit the asymmetry in the tax rates over a longer horizon. Finally, we find that in the presence of nonfinancial (labor) income, investors consume a larger fraction of their financial wealth and hold more equity than in the case without nonfinancial income. This is due to the fact that nonfinancial income increases the investor's total wealth and reduce its overall risk. Nonfinancial income also allows investors to rebalance their portfolios over time without the need to sell assets with embedded capital gains.
This article is organized as follows. In Section 1 we present our basic model, develop the investor's intertemporal consumption-investment problem, and discuss the numerical algorithm for obtaining a solution. In Section 2 we present our numerical solutions, perform a welfare analysis, investigate the sensitivity of the optimal decisions to various model parameters, and conduct a simulation analysis of the investor's optimal decisions over his lifetime. Section 3 analyzes the optimal portfolio and liquidation decisions under alternative model specifications. Section 4 provides some concluding remarks.
The Model
The economy consists of investors living for at most T periods, where T is a positive integer. This allows us to directly consider the impact of the investor's age (and increasing mortality) upon his optimal consumption, investment, and realization behavior. Let λ j be the single-period hazard rate for period j . We assume that λ j > 0 for all j and that λ T = ∞. The probability that an individual investor lives through period t (t ≤ T ) is given by the following survival function:
where 0 < F (t) < 1 for all 0 ≤ t < T , and F (T ) = 0. Investors in the economy derive utility from consuming a single consumption good. For simplicity, we assume that all income for consumption is derived from financial assets. (We allow for nonfinancial income in Section 3.3.) Investors can trade two assets in the financial markets: a riskless one-period bond and a risky stock. The pretax nominal return on the riskless bond is denoted r and is assumed to be constant over time. The nominal payoff to holding one share of stock from date t − 1 to date t is (1 + d)P t , where d is a constant pretax dividend yield and P t is the nominal stock price at date t. We assume that the pretax nominal capital gain return on the stock is serially independent and follows an exogenous binomial process. No transaction costs are incurred for trading assets. We denote by n t the number of shares of stock held after trading at time t and assume that short sales are not allowed (n t ≥ 0). Nominal dividend and interest payments are taxed at a constant rate of τ d .
The tax treatment of capital gains and losses is as follows. Any realized capital gains are subject to a constant capital gains tax rate of τ g , while realized capital losses are credited at the same rate. 5 To calculate an investor's nominal capital gain, we assume that the tax basis for shares currently held is the weighted average purchase price of those shares. Denote by P * t the nominal tax basis after trading at time t. The nominal tax basis follows the law of motion:
The above specification indicates that the updating rule for the investor's tax basis depends upon whether there is an embedded capital gain or loss on the shares currently held, and whether the investor buys or sells shares in period t. In the case of an embedded capital gain (i.e., P * t−1 < P t ), the investor's tax basis is unchanged from the previous period (i.e., P * t = P * t−1 ) if the investor sells shares in period t (i.e., n t < n t−1 ). However, if the investor buys shares in period t (i.e., n t > n t−1 ), then the investor's tax basis is equal to a weighted average of the previous tax basis and the purchase price of the new shares, with the weights determined by the number of old and new shares. In the case of an embedded capital loss (i.e., P * t−1 > P t ), the investor's tax basis after trading at date t is equal to the current stock price, P t . This is due to the fact that, without transaction costs or wash-sale rules, it is optimal for the investor to liquidate all shares for tax purposes before rebalancing his portfolio. 6 Hence, any shares held after trading at date t will have been bought at the current stock price.
The investor's problem is to maximize his discounted expected utility of lifetime consumption, given his initial endowment and asset holdings, subject to the intertemporal budget constraint. Since at any given time t an investor has a positive probability of death, the treatment of his terminal wealth is an issue. In this model we assume that at the time of death the investor's asset holdings are liquidated without payment of the capital gains tax and the proceeds are used to purchase an H -period annuity for the benefit of the investor's beneficiary. This forgiveness of the capital gains tax at death is consistent with the reset provision of the current U.S. tax code. (We later discuss the impact of removing the reset provision in Section 3.1.) We assume that the H -period annuity provides the investor's beneficiary with nominal consumption of 7 We assume that the investor and his beneficiary 6 Note that the law of motion for the tax basis, P * t , does not allow for the sale and repurchase of stock with an embedded capital gain (i.e., P t > P * t−1 ). This is because it is never optimal to do so when the long-term and short-term capital gains tax rates are equal and constant over time, as in our model. With constant and symmetric tax rates, the future tax benefits of a higher tax basis on the shares that are repurchased can never exceed the immediate tax liability that is generated by the sale. The sale of stock with an embedded capital gain can be optimal only if the proceeds of the sale are used for consumption or to rebalance the portfolio. Our model does not prohibit either of these possibilities. 7 Note that the after-tax nominal annuity payments grow at the inflation rate and thus provide the beneficiary with constant real consumption of A H W t /(1 + i) t for each period t + 1 ≤ k ≤ t + H . We assume that annuity contracts are provided in a competitive market so that the present value of the after-tax annuity payments is equal to the amount invested. We also ignore any state and federal inheritance taxes that may be owed on the value of the investor's estate, although it would not be difficult to include such a tax in our model. However, unless the inheritance tax is proportional to the value of the estate, the model would be more difficult to solve because the optimal consumption and investment policies would no longer be homogeneous in wealth (a property of the solution we develop later).
have identical preferences and that the utility derived by the investor from his bequest is equal to the utility derived by the beneficiary. This specification allows us to examine the sensitivity of the investor's optimal consumption and investment policies to the number of periods that the investor wishes to provide consumption support to his beneficiary, with higher values for H indicating a stronger bequest motive.
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The investor's problem can now be represented as follows:
s.t.
given the initial bond and stock holdings, B −1 and n −1 , and the initial tax basis, P * −1 . In Equation (3), F (−1) is set equal to one to indicate that the investor has survived up to period 0, u(·) denotes the investor's utility function, C t is the investor's nominal consumption at date t, B t is his nominal investment in bonds at date t, and β is the subjective discount factor for utility. The expression inside the square brackets in Equation (3) is the investor's probability weighted utility at date t. The first term measures the investor's utility of consumption in period t weighted by the probability of living through period t, while the second term is the investor's utility of his bequest weighted by the probability of dying in period t. Equation (4) defines the investor's beginning-of-period wealth, W t , as the value of the investor's portfolio holdings before trading at date t, including the after-tax interest and dividend income, but prior to capital gains taxes. Equation (5) is the investor's time-t budget constraint, where G t is the realized nominal capital gain (or loss) at date t and is given by
where I (P * t−1 > P t ) is an indicator function that takes the value of one if there is an embedded capital loss (i.e., P * t−1 > P t ) and zero otherwise. This formulation exploits the fact that the investor optimally sells all shares with an embedded capital loss to benefit from the tax rebate in the absence of transaction costs and wash-sale rules. Hence, with an embedded capital loss on the n t−1 shares held coming into period t, I (P * t−1 > P t ) = 1 and G t = n t−1 (P t −P * t−1 ) < 0. Since there are no wash-sale rules, the sale of stock with an embedded capital loss does not prevent the investor from repurchasing stock in period t (n t > 0) to rebalance his portfolio. With an embedded capital gain, I (P * t−1 > P t ) = 0 and the investor pays a capital gains tax only on those shares that are actually sold in period t. In this case, the total realized capital gain in period t is G t = max(n t−1 − n t , 0)(P t − P * t−1 ) ≥ 0, where max(n t−1 − n t , 0) is the number of shares sold in period t.
We assume that agents' preferences can be expressed as follows:
where γ is the relative risk aversion coefficient. Note that the summation appearing in the second term of the objective function can be rewritten as follows:
Letting X t denote the vector of state variables at date t, we can write the Bellman equation for the above maximization problem as follows:
for t = 0, . . . , T − 1, subject to Equations (2) and (4)-(8). The sufficient state variables for the investor's problem at date t consist of the stock price at date t, the tax basis before trading at date t, the stock holdings before trading at date t, and the total wealth before trading at date t. We represent the vector of state variables as follows:
The above problem can be simplified by using beginning-of-period wealth, W t , as the numeraire. Let s t = n t−1 P t /W t be the fraction of beginning-ofperiod wealth invested in equity prior to trading in period t, f t = n t P t /W t be the fraction of beginning-of-period wealth allocated to equity after trading in period t, b t = B t /W t be the fraction of beginning-of-period wealth allocated to bonds after trading in period t, p * t−1 = P * t−1 /P t be the investor's basisprice ratio applicable to trading in period t, g t = P t /P t−1 − 1 be the pretax nominal capital gain return on the stock from period t − 1 to period t, and
be the gross nominal return on the investor's portfolio from period t to period t + 1 after payment of the tax on dividends and interest, but prior to the payment of capital gains taxes. Using this notation, Equation (4) can be written as a linear dynamic wealth equation:
Similarly, the budget constraint in Equation (5) can be written as follows:
where c t = C t /W t is the consumption-wealth ratio for period t,
is the fraction of beginning-of-period wealth that is taxable as realized capital gains in period t, and p * t−1 is given by
Substituting Equation (14) into Equation (13) allows us to rewrite the dynamic wealth equation as follows:
The linearity of the dynamic wealth equation and the assumption of constant relative risk-averse preferences ensure that our two-asset model has the property that the consumption and portfolio decision rules, {c t , f t , b t }, are independent of wealth, W t . Furthermore, with the above transformation, the relevant state variables for the investor's problem become x t = {s t , p * t−1 }.
1−γ to be the normalized value function and w t+1 = W t+1 /[W t (1 + i)] to be the gross real growth rate in wealth from period t to period t + 1, the investor's optimization problem can now be stated as follows:
where R t+1 is given by Equation (12), δ t is given by Equation (15), and
is given by Equation (16). The above problem can be solved numerically using backward recursion. To do this we discretize the lagged endogenous state variables, x t = {s t , p * t−1 }, into a (501 × 501) grid. At the terminal date T , the investor's value function takes the value
at all points in the state space. The value function at date T is then used to solve for the optimal decision rules and value function for all points on the grid at date T − 1. Bilinear interpolation is used to calculate the value function for points in the state space that lie between the grid points. The procedure is repeated recursively for each time period until the solution for date t = 0 is found.
Numerical Results
In this section we present our numerical results for the optimal consumptioninvestment problem in the presence of taxes and short-sale restrictions. In the numerical analysis, we assume that the investor makes decisions annually starting at age 20 (t = 0) and lives for at most another 80 years until age 100 (T = 80). The annual mortality rate is calibrated to match the life expectancy table of the U.S. population. 9 The annual mortality rates are less 9 The mortality rates are calculated from the life expectancies in the 1980 Commissioners Standard Ordinary Mortality Table. The annualized mortality rate at time t, Prob(t), is computed as follows:
, where L(t) is the life expectancy at time t. We combine the resulting male and female mortality rates to reflect the different survival likelihoods implied by these rates.
than 1% through age 56, increase to 7.4% at age 80, 17.6% at age 90, 25.7% at age 95, and approach 100% at age 100. We assume that the nominal pretax interest rate on the riskless bond is r = 6% per year, the nominal dividend yield on the stock is d = 2% per year, and the annual inflation rate is i = 3.5%. The nominal capital gains return on the stock is assumed to follow a binomial process with an annual mean and standard deviation ofḡ = 7% and σ = 20.7% (corresponding to a 20% standard deviation for real stock returns), respectively. We assume that the tax rate on dividends and interest is τ d = 36% and the tax rate on capital gains and losses is τ g = 36%. The investor is assumed to have power utility with an annual subjective discount factor of β = 0.96 and a risk aversion parameter of γ = 3.0. We initially set H = ∞ in the bequest function, indicating that the investor wishes to provide his beneficiary with a perpetual consumption stream from the bequest. We refer to these parameter values as the base-case scenario.
Because the dividend yield is assumed to be a constant fraction of the contemporaneous stock price, the pretax expected return on the stock is given by (1 +ḡ)(1 + d) − 1. Using our base-case parameter values, this produces a pretax equity risk premium (above the riskless interest rate) of 3.14%, well below the historical average. Our choice of a relatively low pretax equity risk premium is motivated by our desire to generate optimal portfolios that have interior mixes of both bonds and stocks. The problem with using the historical average equity risk premium to calibrate the model is that it generates an optimal portfolio that is composed entirely of equity, unless investors are extremely risk averse. Heaton and Lucas (1997) demonstrate this result for a model without taxes. In the presence of taxes, generating interior portfolio mixes is even more difficult because the value of the tax-timing option further increases the returns to equity on an after-tax basis. 10 We derive numerical results for our model using the base-case parameters. To isolate the effects of optimal tax timing, we also derive numerical results for a model without taxes and for a model with forced capital gain and loss realizations each period. The optimal consumption policy is examined in Section 2.1, while the optimal investment and liquidation policies are examined in Section 2.2. A welfare analysis of the optimal realization policy is presented in Section 2.3. In Section 2.4 we examine the sensitivity of the optimal investment and liquidation policies to various model parameters and in Section 2.5 we conduct a simulation analysis to study the time-series profile of the investor's optimal decisions. 10 One might expect that these same features of the tax code that increase the attractiveness of equity ownership in our setting would deepen the well-known equity premium puzzle. However, our model, and the resulting portfolio allocations, are based on a partial equilibrium analysis. Bossaerts and Dammon (1994) make the point that while the tax-timing option increases the expected after-tax return on equity, it also alters the covariance structure of after-tax equity returns with consumption. They test a consumption-based asset-pricing model with optimal tax timing and find that while it fits the data better than the traditional no-tax model, the tax-based model is still unable to adequately explain the cross-sectional differences in asset returns.
Optimal consumption policy
We begin our discussion of the optimal consumption policy by first considering the case without taxes. In the absence of taxes (and transaction costs), the optimal consumption-wealth ratio varies across age, but is independent of the investor's portfolio composition and the embedded capital gain or loss on the portfolio. Given the base-case parameters, the optimal consumption-wealth ratio gradually decreases with age, from about 3.1% per year at age 20 to about 2.9% per year at age 99 (the year prior to imminent death). The relationship between the optimal consumption-wealth ratio and age depends primarily on the investor's bequest motive. As an investor ages, and his mortality rate increases, the bequest motive plays a more important role in the investor's consumption decision. A strong bequest motive will produce a declining consumption-wealth ratio as the investor ages, reflecting his desire to provide his beneficiary with a higher level of consumption from the bequest. In contrast, a weak bequest motive will produce an increasing consumption-wealth ratio as the investor ages. The bequest motive we have chosen for our model is relatively neutral across ages in the no-tax case, as evidenced by the relatively flat (although slightly decreasing) consumptionwealth ratio.
With capital gains taxes, the optimal consumption-wealth ratio will not only depend upon age, but also will depend upon the magnitude of the embedded capital gain (or loss) on the investor's portfolio. The larger the total embedded capital gain, the higher is the embedded capital gains tax liability and the less wealthy the investor is on an after-tax basis. Thus holding the investor's pretax wealth constant, a larger embedded capital gain will produce a larger reduction in the investor's optimal consumption-wealth ratio.
With forced capital gain and loss realizations each period (and constant relative risk-averse preferences), the relationship between the optimal consumption-wealth ratio and the magnitude of the embedded capital gain is linear. This is due to the fact that, without a deferral option, an embedded capital gain results in an immediate tax liability that reduces the investor's after-tax disposable wealth dollar for dollar.
11 Using our base-case parameters, with τ d = τ g = 36%, the optimal consumption-wealth ratios with forced realizations are substantially lower than in the no-tax case and are monotonically decreasing with age. For example, with no embedded capital gain or loss on the portfolio (i.e., p * = 1.0), the optimal consumption-wealth 11 In the absence of a deferral option, the relationship between the optimal consumption-wealth ratio and the magnitude of the embedded capital gain (or loss) can be written as follows:
where k t is a coefficient that varies across age (t) and the term in square brackets is the total embedded capital gain (or loss) per dollar of pretax wealth. Intuitively k t is the optimal consumption per dollar of after-tax wealth and the term in curly brackets measures the investor's after-tax wealth per dollar of pretax wealth. The values of k t in the above expression can be derived numerically.
Figure 1 Optimal consumption policy
Optimal consumption-wealth ratios with the option to time the realization of capital gains and losses. The dividend and capital gains tax rates are assumed to be 36%. s is the initial stock holding as a fraction of beginning-of-period wealth.
ratio for ages 20 and 99 are 1.17% and 0.78%, respectively. These optimal consumption-wealth ratios indicate that the introduction of taxes has a stronger negative "wealth effect" on the consumption of the elderly. This is due to the fact that taxes have a disproportionate effect on the value of the investor's bequest, which the elderly weight more heavily in making their consumption decisions.
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The optimal consumption-wealth ratio for the case in which investors have the option to realize or defer capital gains and losses each year is shown in Figure 1 . Each of the four panels corresponds to a different initial endowment of equity, s. The optimal consumption-wealth ratios shown in Figure 1 are higher than those that emerged in the forced realization case. This is due to the fact that the deferral option, which increases the after-tax return on equity, essentially makes the investor wealthier on an after-tax basis and thus leads him to consume a larger fraction of his pretax wealth. This "wealth effect" 12 Recall that the bequest is invested in an annuity contract that pays the after-tax interest rate in perpetuity (H = ∞). Thus an increase in the tax rate on ordinary income reduces the beneficiary's consumption by a factor of (1 − τ d ). Since the beneficiary's consumption is relatively more important in the utility functions of the elderly (due to their higher mortality rates), they respond to the increase in taxes by scaling back their own consumption by relatively more than do the young.
on consumption is more pronounced for the gains region (p * < 1), where the deferral option is most valuable. Note also that the optimal consumptionwealth ratios in Figure 1 are now convex in the basis-price ratio. This reflects the convexity of the tax-timing option in the basis-price ratio (the exercise price of the tax-timing option). Consistent with standard option pricing theory, the sensitivity of the value of the tax-timing option (and the optimal consumption-wealth ratio) to the basis-price ratio is higher in the loss region (in-the-money option) than in the gains region (out-of-the-money option). Because young investors have longer horizons over which to benefit from the deferral option, their consumption-wealth ratios increase by more than do those for the elderly. Finally, because of the reset provision at death, the optimal consumption-wealth ratio is less sensitive to the basis-price ratio in the gains region for elderly investors when they have the option to defer their capital gains.
Optimal investment and liquidation policies
Having discussed the optimal consumption policy, we now consider the optimal investment and liquidation policies in the presence of taxes and shortsale restrictions. The no-tax case (τ d = τ g = 0) and the case with taxes (τ d = τ g = 36%) and forced realizations of capital gains and losses each period will serve as benchmarks. Throughout the article, we report the optimal holding of equity as a proportion of total portfolio value, f t /(f t + b t ). In the absence of taxes, the optimal proportion of the investor's portfolio invested in equity is 25.2% for our base-case parameters. The corresponding optimal equity proportion for the case with taxes and forced realizations is 36.8%. While the introduction of taxes reduces the investor's welfare, the higher equity holdings reflect the more favorable risk-return trade-off for equity on an after-tax basis.
13 For both benchmarks, the optimal equity proportion is independent of the investor's embedded capital gain (or loss) and age. Moreover, since there are no transaction costs, the investor rebalances his portfolio to the optimal equity proportion every period. Figure 2 shows the optimal proportion of the portfolio invested in the risky stock for the case with taxes (τ d = τ g = 36%), but where investors have the option to defer capital gains. The figure is drawn for an assumed initial stock holding (as a proportion of beginning-of-period wealth) of s = 0.2 13 When all sources of investment income are taxed at the same rate each period, the effect is to scale the returns on all assets by a factor of (1 − τ d ). This simple tax adjustment causes the ratio of the after-tax equity risk premium to the variance of after-tax equity returns to increase relative to the no-tax case, thereby causing the optimal equity holdings to increase above the no-tax optimum of 25.2%. To see the intuition underlying this result, consider the optimal holding of equity in a continuous-time model with all investment income taxed each period at the rate of τ d . A simple tax adjustment to the Merton (1971) solution yields
where µ is the expected pretax return on the stock and all other variables have been defined previously. Note that the optimal holding of equity is increasing in the tax rate τ d for all 0 ≤ τ d < 1.
Figure 2 Optimal stock holding
Optimal stock holding with the option to time the realization of capital gains and losses. The dividend and capital gains tax rates are assumed to be 36%. The initial stock holding as a fraction of beginning-of-period wealth is set at s = 0.2 for the top panel and s = 0.5 for the bottom panel.
and s = 0.5. In contrast to the no-tax and forced realization cases, both the investor's basis-price ratio and age affect the optimal stock holding in the presence of the deferral option. In the upper panel (s = 0.2) the investor is initially underweighted in equity, while in the lower panel (s = 0.5) the investor is initially overweighted in equity. In both panels of Figure 2 , investors optimally sell all shares of stock with an embedded capital loss to benefit from the tax rebate before rebalancing their portfolios to the desired asset allocation. Because of the complete liquidation of shares with embedded capital losses, investors are unconstrained as to how they reallocate their portfolios. Thus the optimal holding of equity in the loss region (p * ≥ 1.0) after rebalancing depends only on the investor's age and is independent of his initial endowment of equity, s, and basis-price ratio, p * . We refer to these optimal equity holdings as the unconstrained optimum. Note that the unconstrained optimal holding of equity is increasing with age until it reaches a maximum a few years prior to the terminal date. The unconstrained optimal holding of equity for young investors (through about age 60) is similar to the optimal equity holding in the forced realization case (36.8%) despite the fact that the deferral option makes equity more valuable. This is because young investors realize substantial capital gains for diversification reasons (see the discussion below) and, to the extent that they do defer capital gains, they run the risk of being overexposed to equity at later ages. To mitigate this risk, investors limit the extent to which they adjust their equity holdings at young ages. The unconstrained optimal equity holding increases for elderly investors because they not only benefit from the ability to realize losses, but in the event of a capital gain they also benefit from the reset provision at death. The age at which the combined benefit of the tax-timing option and the reset provision of the tax code are maximized occurs at a late age. This is also the age at which the optimal holding of equity is at its maximum.
14 For the base-case parameters, the unconstrained optimal equity holding reaches its peak of 51.2% at age 94 in Figure 2 , substantially higher than the optimal holding of equity in the forced realization case.
In the gains region (p * < 1.0) in Figure 2 , the investor's optimal stock holding depends upon his initial stock holding, basis-price ratio, and age. Investors increase their holding of equity in the gains region if they are initially underweighted in the stock (s = 0.2). Note, however, that the addition 14 The fact that the optimal holding of equity declines in the last few years before the terminal date is an artifact of the way we model the timing of events within a period. We assume that death occurs before the realization decision can be implemented and therefore all embedded capital gains and losses are untaxed at the time of death. Since the investor does not benefit from the ability to realize capital losses in the last period of his life, he optimally reduces his exposure to equity at very late ages when his mortality rate is the highest. If we had allowed investors to implement their optimal realization decisions before death occurs, then the optimal holding of equity would have continued to increase as the investor ages. In this case, the optimal holding of equity remains relatively unchanged through about age 80 due to the lower mortality rates for these investors, but then increases dramatically from about 50% at age 80 to nearly 78% at age 99. Similar behavior also arises in a model in which investors are allowed to trade more frequently than once per year (e.g., quarterly).
to the equity holdings increases as the magnitude of the investor's embedded capital gain falls. This is due to the fact that a higher embedded capital gain on existing shares reduces the value of the tax-timing option on any new shares purchased because the tax basis is a weighted average of the purchase prices of both old and new shares. 15 In the lower panel of Figure 2 (s = 0.5), all investors retain their initial endowment of equity, and do not add to their holdings of equity, for embedded capital gains in excess of about 100% (p * ≤ 0.5). While some of these investors would like to reduce their exposure to equity for diversification reasons, the tax cost of doing so is prohibitive. For somewhat smaller gains (0.5 < p * < 1.0), young and middle-aged investors scale back their holdings of stock. For these investors, the benefit of diversification outweighs the tax cost of rebalancing their portfolios. The smaller the embedded capital gain (p * closer to 1.0), the smaller is the tax cost of rebalancing the portfolio and therefore the closer these investors get to their unconstrained optimum. In general, the amount of rebalancing the investor does will depend upon the size of the embedded capital gain, the investor's age, and the extent to which the investor's portfolio deviates from the unconstrained optimum.
In contrast to the standard financial advice that investors should reduce their exposure to equity as they age, the above discussion provides a taxbased rationale as to why investors may wish to increase their holdings of equity as they get older. 16 Equity is more valuable to the elderly because it allows them to benefit from the realization of capital losses if they occur, but avoid paying the tax on capital gains by deferring them until death. The forgiveness of capital gains taxes at death is also why elderly investors are more reluctant to sell equity with an embedded capital gain in order to rebalance their portfolios. At very late ages, however, the option to realize losses decreases in value because the higher mortality rate increases the likelihood that death will occur before any losses can be realized (see note 14). At this point, investors should retain their holdings of equity with large embedded 15 The discrete jumps (steps) in the optimal stock holding that are present in the gains region in the upper panel (s = 0.2) of Figure 2 reflect the discrete binomial price process we assume for the stock. The discrete price process leads to discrete jumps in the value of the tax-timing option as we vary the basis-price ratio. With a continuous price process, the discrete jumps in the optimal stock holding will disappear. Moreover, if newly acquired shares were assigned a tax basis equal to their own purchase price, the effect of the existing tax basis on the optimal stock holding would be minimal. The effect of the existing tax basis on the investor's optimal stock holding would not disappear entirely, however, because it still affects the investor's after-tax wealth. 16 Focusing exclusively on the ability of investors to defer capital gains taxes, Balcer and Judd (1987) use a model with deterministic equity returns and no bequest motive or reset provision at death to argue that young (long-horizon) investors hold all-equity portfolios because they benefit the most from the deferral option, while elderly (short-horizon) investors hold all-bond portfolios. With uncertainty, however, all investors will hold diversified portfolios of stocks and bonds. Moreover, in our framework, the tax-timing option coupled with the forgiveness of capital gains taxes at death makes equity relatively more attractive to the elderly. Thus the optimal holding of equity is increasing with age in our model.
Figure 3 Optimal stock holding at age 20
Optimal stock holding as a function of the basis-price ratio and initial stock holdings at age 20. The dividend and capital gains tax rates are assumed to be 36%.
capital gains to benefit from the reset provision at death, and reduce their equity exposure only if the tax cost is relatively small.
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Figure 3 provides an overall picture of the optimal investment and liquidation policies for investors at age 20. Because investors at age 20 have very low mortality rates, these policies are a close approximation to the optimal policies in the infinite-horizon case. With an embedded capital loss, investors optimally liquidate their initial stock holdings and immediately rebalance to their unconstrained optimal holding of equity (36.3%). This is illustrated by the flat portion of the figure for the region in which p * ≥ 1.0. In the gains region in Figure 3 (p * < 1.0), investors with initial equity holdings above the unconstrained optimum face a trade-off between the diversification benefits and tax costs of rebalancing their portfolios. The smaller the gain, the closer the investor moves toward the unconstrained optimal equity holding, as illustrated by the front side of the pyramid in the figure. At each point in this region, the diversification benefits and tax costs of rebalancing are equated at the margin. For investors whose initial equity holdings far exceed the unconstrained optimum, the diversification benefits 17 Poterba (2001) documents that elderly investors with substantial appreciation in their portfolios tend to postpone the distribution of a larger proportion of their assets until after death compared to their contemporaries of similar wealth who possess smaller embedded capital gains. This is evidence of how the value of the reset provision varies across elderly investors with different embedded capital gains.
of rebalancing are substantial and can lead to the realization of large embedded capital gains. For example, Figure 3 indicates that a 20-year-old investor with an all-equity portfolio (s = 1.0) and an embedded capital gain of 100% (p * = .5) will optimally sell about one-half of his equity holdings to rebalance his portfolio. Thus it is not unreasonable that undiversified investors would occasionally realize substantial capital gains to rebalance their portfolios. For sufficiently high embedded capital gains, however, the tax cost of rebalancing outweighs the diversification benefits and the investor optimally retains his initial equity holding. The right side of the pyramid in the figure illustrates this behavior.
Investors with embedded capital gains who are initially underweighted in equity (below the unconstrained optimum) face a different trade-off. For these investors, adding equity to their portfolios moves them closer to their unconstrained optimum, but the value of the tax-timing option on new shares is negatively affected by the embedded capital gain on existing shares. This accounts for the decline in the optimal stock holdings as the size of the investor's embedded gain increases in this region.
Welfare analysis
The previous section examined the effect of taxes on the optimal investment and liquidation policies. In this section we investigate the welfare cost of ignoring the optimal policies by following some alternative policies that do not take full advantage of the tax-timing option. The two alternative policies that we consider are (1) realizing all capital gains and losses each period and (2) never realizing capital gains or losses except to finance consumption (buy and hold). The first alternative takes advantage of the ability to take losses, but ignores the option to defer capital gains. The second alternative takes advantage of the ability to defer capital gains, but ignores the option to realize losses. We solve numerically for the optimal consumption and portfolio rules for each of these alternative realization policies using the base-case parameters. The resulting value functions are compared to the value function from our model over the entire state space. For each point in the state space, we calculate the percentage increase in wealth that would be needed to bring the value function for the alternative policy up to the level of the value function for our model. The results are illustrated in Figure 4 for an initial equity proportion of s = 0.5, which is only a slight deviation from the unconstrained optimal equity holdings.
The top panel of Figure 4 shows the welfare cost calculations for the first alternative of realizing gains and losses every period. Note that the welfare costs are increasing in the size of the embedded capital gain and decreasing in the age of the investor. This makes intuitive sense because, under the optimal policy, investors defer most large embedded capital gains and young investors, with longer horizons, have the most to lose from deviating from the optimal policy. The welfare cost is nonzero in the loss region (p * > 1),
Figure 4 Welfare costs of alternative investment policies
Welfare costs measured as the extra wealth needed to compensate an investor who follows an alternative suboptimal investment policy as compared to the optimal policy. The top panel shows the welfare cost per unit of wealth for the policy of realizing both gains and losses every period. The bottom panel shows the welfare cost per unit of wealth for a buy-and-hold strategy. The initial stock holding as a fraction of beginningof-period wealth is set at s = 0.5 for both panels.
even though it is optimal to realize all capital losses, because the alternative policy is still suboptimal for the future. The welfare cost of following the alternative policy of realizing capital gains and losses every period is between 15% and 30% for young investors. 18 The bottom panel of Figure 4 shows the welfare cost calculations for the second alternative of deferring capital gains and losses every period (buy and hold). As expected, the welfare costs are increasing in the size of the embedded capital loss and decreasing in the investor's age. Note that the welfare costs are relatively small (near zero) for large embedded capital gains. This reflects the fact that with a large embedded capital gain, it is highly unlikely that the investor will incur a capital loss in the future. Thus, for large embedded capital gains, the buyand-hold policy and the optimal policy are effectively the same. This is not true, however, for small embedded capital gains, where there is a higher probability of a future capital loss.
The above discussion begs the question as to whether the buy-and-hold policy, augmented to take advantage of capital losses, is substantially different from the optimal realization policy derived in our model. The augmented buy-and-hold policy advocates realizing all capital losses and deferring all capital gains. The main difference, of course, is that the optimal policy in our model advises young investors to sell some equity with embedded capital gains for diversification reasons when they are substantially overweighted in equity. Elderly investors are advised to avoid realizing capital gains to benefit from the reset provision at death. The welfare cost calculations for the augmented buy and hold policy (not shown) indicate that it provides nearly identical benefits as the optimal policy in our model. Not surprisingly, the only points in the state space at which the welfare costs are noticeably different are for young investors with small embedded capital gains. But even in this case the incremental wealth needed to fully compensate the investor is less than 5% when s = 0.5. The welfare costs of the augmented buyand-hold policy will increase as the volatility of the stock, risk aversion of investors, or the initial overweighting of equity increases.
Comparative static analysis
We now provide some comparative static results by varying the capital gains tax rate, the volatility of stock returns, and the number of periods the investor wishes to provide consumption support to his beneficiary. Because the most interesting changes are reflected in the investor's portfolio composition, our discussion will be focused on the optimal investment policies. Figure 5 illustrates the optimal equity holdings for a tax rate on capital gains and losses 18 If the reset provision is eliminated, so that all capital gains and losses are fully taxed at death, the welfare analysis will change slightly. For young investors, there will be almost no effect on the welfare cost calculations, since young investors have low mortality rates and are not influenced much by the treatment of capital gains and losses at death. Elderly investors, on the other hand, will find realizing capital gains every period less costly since these capital gains, if deferred, will be taxed at death. As a consequence, the welfare costs are reduced, but not eliminated, in the gains region for elderly investors when the reset provision is eliminated.
of 20% (top panel) and for a 31.05% standard deviation of nominal equity returns (bottom panel). Both figures are constructed assuming an initial equity holding of s = 0.5 and by holding all other parameters fixed at their basecase values. The lower panel of Figure 2 provides the appropriate comparison to determine the marginal effects of these changes. A cut in the capital gains tax rate from 36% (lower panel of Figure 2 ) to 20% (upper panel of Figure 5 ) has two major effects on the optimal equity holdings. First, because the tax cost of rebalancing is reduced when the capital gains tax rate is cut, investors are willing to realize higher capital gains in order to rebalance their portfolios. This is particularly true for young investors who benefit the most from rebalancing. Second, in the loss region, the optimal holding of equity is less sensitive to age when the capital gains tax rate is reduced. This is to be expected, since a cut in the capital gains tax rate reduces the value of the option to realize losses and defer gains, especially for elderly investors who benefit the most from the reset provision at death. The optimal holding of equity for young investors is only slightly higher with a lower capital gains tax rate because the lower tax cost of realizing gains to rebalance the portfolio is nearly offset by the lower tax rebate on capital losses.
An increase in the volatility of stock returns from 20.7% (lower panel of Figure 2 ) to 31.05% (lower panel of Figure 5 ) has a dramatic effect on the optimal equity holdings. Because equity is riskier, the optimal holding of equity is reduced for all investors, except for those elderly investors with large embedded capital gains who continue to hold their initial equity positions to avoid paying the capital gains tax. With an increase in volatility, investors are willing to bear the tax cost of realizing larger capital gains in order to maintain a well-diversified portfolio. This is evident in the lower panel of Figure 5 , where young and middle-aged investors reduce their exposures to equity even when the tax basis is zero. Although the decline in the optimal holding of equity is quite dramatic, it is muted to some extent by the fact that a higher level of volatility increases the value of the tax-timing option on equity. Similar results to those for an increase in volatility can be obtained with an increase in the risk aversion of investors.
As a final comparative static exercise, we examine the importance of the investor's bequest function for the optimal consumption, portfolio allocation, and liquidation decisions. Consider an investor whose bequest is invested in a 5-year (H = 5) annuity that provides consumption for his beneficiary. To equate his own marginal utility of consumption with that of his beneficiary, the investor's optimal consumption-wealth ratio will increase dramatically as he ages. The investor's optimal consumption rate is affected very little by the bequest function at young ages because of the low mortality risk. Assuming an initial basis-price ratio of p * = 1.0, the optimal consumption-wealth ratio is 2.7% at age 20, 3.7% at age 50, and 7.8% at age 80. By the time the investor reaches age 99, his optimal consumption-wealth ratio is in excess Figure 5 Comparative static analysis The top panel shows the optimal stock holding as a function of the basis-price ratio and initial stock holdings when the tax rate on capital gains and losses is lowered to 20%, while the dividend tax rate remains at 36%. The bottom panel shows the optimal stock holding when the stock return volatility is increased from 20.7% to 31.05%, while the dividend and capital gains tax rates are assumed to be 36%. The initial stock holding as a fraction of beginning-of-period wealth is set at s = 0.5. of 17%, which is close to the beneficiary's initial draw rate on the bequest. The investor's optimal consumption-wealth ratio is higher (lower) at each of these ages as the investor's basis-price ratio increases (decreases). Figure 6 shows the optimal holding of equity for this case (H = 5). To provide a better view, the axes for age and the basis-price ratio have been switched compared to the earlier figures. The upper panel is for an initial stock holding of s = 0.2 and the lower panel is for an initial stock holding of s = 0.5. The optimal equity proportions shown in Figure 6 are heavily influenced by the investor's higher consumption rates in this case. To finance their higher consumption levels, investors are forced to liquidate a larger portion of their portfolio holdings each period. When investors are underweighted in equity (upper panel) they sell bonds to finance their higher consumption levels and, in addition, may add equity to their portfolios. When investors are overweighted in equity (lower panel) and have large embedded capital gains, there is a choice as to how much of each security to sell. For elderly investors, the reset provision at death induces them to sell only bonds to finance their higher consumption rates, thereby causing their optimal equity holdings to increase to nearly 60% in the lower panel of Figure 6 . For young and middle-aged investors, diversification considerations induce them to sell both bonds and stocks to finance consumption and to realize larger gains than those shown in Figure 2 . Because the realization of large embedded capital gains makes equity less valuable, the unconstrained optimal holding of equity (i.e., the region where p * > 1) is lower for middle-aged investors than that shown in Figure 2. 
Simulation analysis
Our discussion so far has been focused on the optimal decision rules over the state space at different ages. Given the investor's optimal consumption and investment policies defined on the state space, we can obtain time-series profiles of consumption and portfolio choices using simulation. First, we simulate realizations of the capital gain return using the binomial process. We then use the optimal decision rules from the state-space analysis to calculate the investor's consumption and portfolio allocations. The basis-price ratio, stock holdings, and age are updated in each period of the simulation to provide time-series profiles of the optimal decisions and state variables for the investor. Table 1 summarizes the results of 5,000 simulation trials. The basis-price ratio (panel A), consumption-wealth ratio (panel B), and equity proportion (panel C) are shown for two alternative bequest functions: one in which the bequest provides a perpetual annuity (H = ∞) and the other in which the bequest provides a 5-year annuity (H = 5). We present the means and the quartiles of the distributions for each of these variables. Although the distributions are obviously related to each other, it should be noted that the quartiles for each distribution are not from the same simulation trial. Our Optimal stock holding with a weaker bequest motive Optimal stock holding for an alternative bequest function in which the investor provides consumption support to his beneficiary for five periods. The dividend and capital gains tax rates are assumed to be 36%. The initial stock holding as a fraction of beginning-of-period wealth is set at s = 0.2 for the top panel and s = 0.5 for the bottom panel. The percentages in the table refer to percentiles of the distribution. The results are based on 5,000 simulation trials, starting at age 20. The simulated capital gain return paths are identical for the two bequest functions examined.
simulation begins for an investor at age 20 with an initial basis-price ratio of p * −1 = 1. While the investor has some limited opportunities to realize losses at early ages, the basis-price ratios in Table 1 indicate that he quickly becomes "locked in" to a capital gain. By age 30, the investor's basis-price ratio has fallen below p * = .711 in 75% of the trials. This "lock in" effect becomes more severe as the investor ages.
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The optimal consumption-wealth ratios in Table 1 show a sharp contrast between the two bequest functions. When H = ∞, the investor consumes about 1.3% of his wealth at age 20 and gradually reduces his consumption as he ages. As mentioned previously, this is due to the fact that the investor has a relatively strong bequest motive. However, when H = 5, the investor's consumption level is much higher and increases rapidly as he ages, approaching 16.5% on average at age 99. Intuitively, under the alternative bequest arrangement, the beneficiary's per period consumption level is much higher and his marginal utility much lower. Thus, to equate his own marginal utility to that of his beneficiary, the investor must increase his consumption significantly as he ages.
Panel C of Table 1 shows that the investor's stock holdings increase as he ages under both bequest arrangements. This reflects the fact that elderly investors refrain from selling equity with large embedded capital gains in order to benefit from the reset provision at death. While the optimal portfolio in the case of a perpetual annuity (H = ∞) remains less than 100% equity, the optimal portfolio under the alternative bequest arrangement (H = 5) approaches 120% equity at age 99. This is closely related to the investor's optimal consumption discussed previously. To finance his optimal consumption plan under the alternative bequest arrangement, the investor must liquidate a portion of his portfolio each period as he ages. Because the investor is "locked in" to a large capital gain, he refrains from selling equity to finance his consumption. The investor first liquidates his holdings of bonds to finance consumption, and in the last few years actually borrows to consume. As a result, the optimal equity proportion exceeds 100% at late ages. 
Alternative Model Specifications
In this section we examine the optimal investment and liquidation policies under three alternative model specifications. The alternatives we consider are (1) mandatory capital gains realization at death (i.e., no reset provision), (2) asymmetric long-term and short-term tax rates, and (3) the introduction of nonfinancial income.
Mandatory capital gains realization at death
We first discuss the optimal investment and liquidation policies with mandatory capital gain and loss realization at death. Investors retain the option to defer capital gains prior to death. In this case, the investor's assets are liquidated at death, taxes are paid on any embedded capital gain or loss, and the 20 The results reported in Table 1 are based on the restriction that the optimal equity holding as a fraction of beginning-of-period wealth, f t , is not allowed to exceed 1.0. This restriction is imposed on the simulation because our state-space analysis derived the optimal decision rules only for initial stock holdings, s t , between 0 and 1. Using the budget constraint in Equation (14), this restriction on f t limits the investor's total outstanding borrowing at date t,-b t , to the sum of the investor's contemporaneous consumption, c t , and realized capital gains tax liability, τ g δ t . As a consequence, the maximum equity holding as a fraction of total portfolio value is f t /(f t + b t ) = 1/(1 -c t -τ g δ t ). Without the restriction on f t , the investor's borrowing and optimal equity proportion at late ages would exceed those reported in Table 1. after-tax proceeds are invested in a perpetual annuity (H = ∞) to finance the beneficiary's consumption. Capital gains and losses are again calculated relative to a tax basis equal to the weighted average purchase price. The mandatory realization of capital gains and losses at death and the average tax basis calculation are both consistent with the current tax code in Canada. Figure 7 shows the optimal stock holdings as a function of age and the basis-price ratio. Similar to earlier results, investors optimally realize all losses to benefit from the tax rebate and immediately rebalance their portfolios to the unconstrained optimum. Since young investors have very low mortality rates, it should not be surprising that their optimal holdings of equity are relatively insensitive to the treatment of embedded capital gains at death. This is the case in both the gain and loss regions of the two panels (s = 0.2 and s = 0.5) in Figure 7 . Elderly investors, however, are seriously negatively affected by the elimination of the reset provision at death and respond by altering their optimal portfolio allocation and liquidation policies. With mandatory realization of capital gains at death, the benefit of deferring capital gains is limited to the time value of the capital gains tax, which is relatively small for elderly investors who have high mortality rates. As a consequence, elderly investors optimally realize substantially higher capital gains and hold less equity than in the case with the reset provision at death. This can be seen by comparing Figure 7 to Figure 2 . Since capital gains taxes cannot be avoided through deferral, elderly investors become more concerned about maintaining an optimally diversified portfolio. This makes elderly investors behave more like the young, with similar benefits from holding equity. Consequently the optimal holding of equity is similar across ages in Figure 7 .
Asymmetric taxation
Under the current U.S. tax code, long-term capital gains and losses are taxed at a lower rate than short-term capital gains and losses. We now investigate the implications of this asymmetry in tax rates for the investor's optimal portfolio allocation. Under asymmetric taxation, Constantinides (1984) has shown that it can be optimal to sell (and immediately repurchase) stock with an embedded long-term capital gain in order to reset the tax basis to the current market price and restart the option to realize future capital losses short term. 21 In his model, the optimality of realizing long-term capital gains each year depends upon the mean and standard deviation of stock returns, the risk-free interest rate, the size of transaction costs, and the magnitudes of the short-term and long-term tax rates. Assuming a short-term tax rate of τ s = 36% and a long-term tax rate of τ l = 20%, the condition derived by Constantinides (1984) for optimally realizing long-term capital gains each
Figure 7
Optimal stock holding with mandatory realization at death Optimal stock holding for a tax code with mandatory realization of capital gains at death. The dividend and capital gains tax rates are assumed to be 36%. The initial stock holding as a fraction of beginning-of-period wealth is set at s = 0.2 for the top panel and s = 0.5 for the bottom panel.
year is satisfied for our base-case parameter values. Therefore, in what follows, we assume that all capital gains are realized long term each year, while all capital losses are realized short term. 22 As a consequence of realizing all gains and losses each year, the optimal holding of equity will depend upon the investor's age, but will be independent of the investor's initial equity holdings and tax basis.
The optimal holding of equity under asymmetric taxation (not shown) increases relative to the unconstrained optimum in the symmetric taxation case (see Figure 2 ) at all but very late ages. The increase in equity holdings is most pronounced for young investors, who benefit the most from a reduction in the tax rate on capital gains because it reduces the cost of realizing capital gains to rebalance their portfolios. Younger investors also have a longer horizon over which the asymmetry between the long-term and short-term tax rates can be exploited. The optimal holding of equity with asymmetric taxation is slightly more than 60% for investors younger than age 60. Recall that in the symmetric tax case the unconstrained optimum was less than 40% for these same investors. Since elderly investors do not benefit as much from the realization of long-term capital gains, it is not surprising that the optimal holding of equity declines sharply after age 80, falling from about 57.5% at age 80 to 36.8% at age 99.
Nonfinancial income
The models examined thus far have assumed that the investor's sole source of income is from financial assets. We now want to investigate how nonfinancial income interacts with capital gains taxes in determining the optimal investment policy. 23 Ideally we would like to model nonfinancial income with its own stochastic process that is less than perfectly correlated with equity returns. However, this would require us to introduce an additional state variable, which greatly complicates the numerical analysis. Therefore, to model nonfinancial income without increasing the dimensionality of the state space, we assume that an investor's pretax nonfinancial income in period t is a constant fraction, y, of his contemporaneous beginning-of-period wealth, W t . 24 22 As in Constantinides (1984) , we assume a 1-year short-term holding period and allow the investor to accelerate or defer the sale of stock by 1 day to achieve short-term or long-term tax treatment. There is, however, an important difference between our model and Constantinides (1984) . Constantinides (1984) assumes an infinite horizon with no mortality risk for the investor, while our model assumes that mortality risk is increasing with age. With increasing mortality risk, the benefit of realizing long-term capital gains is declining with age because the probability of realizing the tax benefits on any subsequent capital losses is reduced. Consequently the optimal realization policy will be age dependent with increasing mortality rates. We do not attempt to solve for the age-dependent optimal realization policy for the case of asymmetric taxation, but simply assume that all capital gains and losses are realized each year for all ages. Obviously this policy is a better approximation to the optimal policy for young investors (with low mortality rates) than it is for elderly investors (with high mortality rates).
Thus, with nonfinancial income, the gross growth rate of the investor's real wealth becomes
While this formulation is not ideal, it does provide us with some useful insights about how nonfinancial income affects the investor's asset allocation decisions at different stages of the life cycle. In our numerical analysis, we assume that an investor receives y = 15% of his pretax wealth as nonfinancial income through age 65 and nothing thereafter. Figure 8 shows the optimal stock holding for an investor with nonfinancial income and initial stock holdings of either s = 0.5 (upper panel) or s = 0.8 (lower panel). The optimal holdings of equity are unaffected by the introduction of nonfinancial income for investors older than age 65 because these investors do not receive nonfinancial income. For investors younger than age 65, the introduction of nonfinancial income has led to a dramatic increase in the optimal holding of equity. This is due to the fact that nonfinancial income increases the investor's total wealth level (financial plus nonfinancial wealth) and does so in a way that reduces the investor's overall risk exposure.
25 To reestablish the desired risk level, young investors shift more of their financial wealth into equity. This can be seen by comparing the optimal holdings of equity in Figure 8 (upper panel) to those in Figure 2 (lower panel).
In the upper panel of Figure 8 (s = 0.5), young investors are slightly underweighted in equity and add to their holdings of equity only if the embedded capital gain on existing shares is relatively small (p * > 0.8). Once again, this reflects the reluctance of investors to add equity to their portfolios when existing shares have large embedded capital gains because of the averaging rule used for the tax basis. In the lower panel of Figure 8 (s = 0.8), all investors, young and old, are overweighted in equity. The way in which investors deal with this situation varies by age. For investors older than age 65, there is a clear trade-off between the size of the embedded capital gain and the amount of equity that is sold. The larger the embedded capital gain, and the older the investor, the less willing the investor is to rebalance his portfolio. As discussed previously, the increasing mortality rates and the tax forgiveness on capital gains at the time of death drive y t = 45 − t 45 2 , which takes the value of y 0 = 1.0 (at age 20) and y 45 = 0 (at age 65). In this case, the unconstrained optimal holding of equity is 90.0% at age 20 and gradually declines to 41.5% at age 65. Beyond age 65, the optimal equity holdings are identical to those in Figure 8 .
Figure 8
Optimal stock holding with nonfinancial income Optimal stock holding in the presence of nonfinancial income. Nonfinancial income is assumed to be 15% of the investor's wealth each year through age 64. The dividend and capital gains tax rates are assumed to be 36%. The initial stock holding as a fraction of beginning-of-period wealth is set at s = 0.5 for the top panel and s = 0.8 for the bottom panel.
this behavior. For young investors (those younger than age 65), there is less willingness to realize embedded capital gains to rebalance their portfolios in the presence of nonfinancial income. This is because young investors can use their nonfinancial income to rebalance their portfolios over time without the need to sell stock with embedded capital gains. The ability to use nonfinancial income in this way declines with age and disappears altogether at age 65.
Concluding Remarks
In this article we examined the dynamic optimal consumption, investment, and liquidation decisions for a risk-averse investor in the presence of capital gains taxes and short-sale constraints. We derived a tractable intertemporal model by limiting the investment opportunities to a riskless bond and a single risky stock, and by treating the investor's tax basis in the risky asset as the weighted average purchase price. Our numerical results capture the trade-off between diversification and taxes over the investor's lifetime. In particular, we show how the investor's optimal portfolio holdings depend upon his age, existing portfolio composition, and the embedded capital gain (or loss) on his portfolio. The incentive to sell stock with an embedded capital gain in order to rebalance the portfolio is inversely related to the size of the gain and the age of the investor. We find that the forgiveness of capital gains taxes at death under the current U.S. tax code gives elderly investors a strong incentive to defer the realization of embedded capital gains and to increase their holdings of equity as they age. Our results provide additional new insights regarding the effect of taxes on investor's optimal consumption and portfolio behavior. The simplifying assumptions we made were driven by the desire to maintain the tractability of our model. However, some of these simplifying assumptions have the effect of understating the value of tax timing. For example, with multiple risky assets, and separate tax bases for each asset purchase, the value of tax timing would increase substantially (see Dammon, Spatt, and Zhang [2000] for an analysis of the multiple asset problem). This would induce investors to hold more equity and would not discourage investors from adding equity to their portfolios when they were "locked in" to large gains on existing holdings of equity. Increasing the frequency of trading would also enhance the value of tax timing, especially for the elderly who have the shortest horizons and who benefit the most from the ability to realize losses more frequently. Finally, because transaction costs are assumed to be zero, we may have overstated the value of tax timing to some extent. With transaction costs, investors may realize fewer gains and losses than our model suggests. However, the relatively low portfolio turnover rates in our simulation analysis provide some assurance that transaction costs will not dramatically alter our qualitative results. One interesting extension of our
